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FOREWORD
ARESEARCHER IN NUTRITION many times is confrontedwith the problem of relating several dietary ingredients to a
growth or physiological response in animals. Stating relationships
of this nature in forms which can be readily used as prediction
equations has often been a goal but one which has seldom been
achieved in practice.
During the 1950's and later, experimental plans were advanced
which allow a considerable reduction in the number of treatments
while still efficiently generating a prediction equation. These plans
have generally been called response surface designs and have won
wide acceptance in chemical and other industrial experimentation.
The response surface design used in the work, which is reported
in the following two papers, was conceived as a combination of a
complete 2:land a partial 3:lfactorial experiment. It has long been
recognized that a great efficiency exists in the use of the factorial
experiment and that prediction equations can readily be generated
from the resulting treatment response data. However, the com-
plete factorial experiment is often prohibitive in terms of the num-
ber of treatments and animals required to complete the plan. The
fact that prediction equations can be efficiently generated from
partial factorial experiments now allows the use of response sur-
face analyses in many animal studies.
The information contained in the following two papers was the
result of attempts to achieve two goals. The first of these was to
state quantitatively the relationships of dietary calcium, phos-
phorus, and vitamin D:l to various responses in the calf. The
second objective was to discuss procedures and considerations for
efficiently producing the prediction equation. Generally, the first
objective is covered in the first paper and the second objective is
achieved in both the first and second paper.
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I. RESPONSESOF HOLSTEIN CALVES TO
VARYING DIETARY LEVELS OF CALCIUM,
PHOSPHORUS, AND VITAMIN D3
P. T. Chandler, R. G. Cragle, and D. A. Gardiner
SUMMARY
THIRTY HOLSTEIN MALE CALVES were used to determinethe effects of dietary calcium, phosphorus, and vitamin D;l
upon growth and responses related to growth. In addition, the
validity of a mathematical expression of biological systems was
investigated.
A three-dimensional central composite experimental design with
five levels of each of three variables in 15 treatments was employed.
Dietary calcium and phosphorus were varied from 2.50 to 21.25
and 2.40 to 17.40 gm. per day per 45.4 kg. of body weight, respec-
tively. Vitamin D;l was varied from 3 to 30,000 IV per day per
45.4 kg. of body weight.
Growth rate was found to depend only on dietary phosphorus in
that growth was decreased as phosphorus increased. Calcium to
phosphorus ratios less than 0.50 could be tolerated only at reduced
intakes of calcium and phosphorus (approximately 8 gm.). Calves
were able to perform satisfactorily at high levels of calcium and
phosphorus (approximately 15 gm.) only when the ratio was 0.50
or above.
The urinary excretions of calcium and phosphorus were found to
be related in a reciprocal manner. In urinary excretion, high phos-
phorus concentrations were associated with low calcium and high
calcium concentrations were associated with low phosphorus. The
urinary excretion was highly correlated with plasma concentra-
tions and concentrations depended directly upon dietary intakes of
calcium and phosphorus.
Coefficients of variation were the smallest on measurements such
as femur ash percent, plasma calcium, and phosphorus. A quad-
ratic equation in dietary calcium, phosphorus, and vitamin D was
fitted to each of 18 quantitatively-measured responses.
Lack of fit of the model in the case of calcium-45 deposition in
bone and lack of significant effects by dietary variables in the
cases of urine volume, kidney calcium-45 deposition, kidney phos-
phorus-32 deposition, muscle phosphorus-32 deposition, percent
bone calcium, and percent bone phosphorus, resulted in the rejec-
tion of these responses. The results for the remaining 11 responses
are presented in equation form. Six of these 11 responses are also












MUCH WORK has been conducted to determine the relation-ships of calcium, phosphorus, and vitamin D in animal
nutrition and physiology. The physiology of calcium metabolism
has been reviewed by Nicolaysen et al. (18). The complex relation-
ships of calcium, phosphorus, and vitamin D have been reviewed
by Wasserman (22). Most of the experiments with calcium, phos-
phorus, and vitamin D have been of the type in which two of the
factors are fixed and a third is varied. The information obtained
from designs such as these is limited since only one set of con-
ditions in one experiment is described. Response surface methods
have been outlined by Box (1, 2) and used in animal experiments
(4, 17).
The primary objective of the investigation being reported here
was to quantitatively relate dietary calcium, phosphorus, and vita-
min D;l to certain physiological responses in young dairy calves. A
secondary objective was to continue the investigation of describing
'biological responses with mathematical models.
EXPERIMENTAL PROCEDURE
DUE TO MATHEMATICAL EFFICIENCY, the design chosenwas a three-dimensional central composite design (1, 2).
Calcium and phosphorus levels were varied from 2.50 to 21.25 and
2.40 to 17.40 gm. per day per 45.4 kg. body weight, respectively.
Vitamin D;; was varied from 3 to 30,000 IV per day per 45.4 kg.
body weight. These limits were chosen because of the desire to
explore wide ranges and interactions of the dietary variables.
These dietary ingredients were combined and added to a basal
ration (Table 1) to give the dietary additive combinations (the
experimental treatments) shown in Table 2. Holstein male calves
(two per treatment) were fed these rations from 4 to 9 weeks of
age or from 4 weeks until death.
The calves were purchased at 3 to 7 days of age, transported to
a darkened barn, maintained at 20-27° C., and placed in individual
4 x 8 feet pens with wood shavings as bedding. A commercial milk
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replacer' was fed until they were 21 days of age at which time the
calves were changed to the basal ration shown in Table 1. The
basal ration was formulated and mixed in a dry form. Oxytetra-
cycline2 was supplemented to the ration to obtain a feeding rate of
25 mg. per 885 gm. of feed and the calves were fed at a rate of
885 gm. per 45.4 kg. body weight per day. The feeding rate was
adjusted at weekly intervals. The ration was fed to calves in a
1 Peebles 10-28 Super Calf Kit, Western Condensing Company, Appleton,
Wisconsin.
"Terramycin donated by Chas. Pfizer and Co., Inc., Terra Haute, Indiana.





















1 Butylated hydroxy toluene additions at a rate of 1 gm. per 454 gm. of fat
served as the antioxidant.
"Donated by the American Lecithin Company, 32-30 GIst Street, Woodside,
L.I.
"The mineral mixture was described by Hansard et a1. (12) and was
calcium- and phosphorus-free.
, The vitamins consisted of 73.4j~, Vitamin Diet Fortification Mixture with
vitamin D deleted (Nutritional Biochemical Corporation, Cleveland 28, Ohio)
and 2G.6% of a mixture consisting of 6.25% inositol, 55.00% choline,
0.125';', folic acid, and 38.625';', starch and lactose filler.
5 The additive contained the desired amount of calcium, phosphorus, and
vitamin D" plus enough corn starch to bring the weight to 10,/<>of the total
mixture. Calcium and phosphorus were added in the form of CaCO", KH"PO"
and C'\H, (PO,) 2 H20. Potassium chloride was added to certain rations to
keep the rotassium content of all diets constant. Crystalline vitamin D, was
d:,polved in corn oil and mixed with the additive. The corn oil addition was
neg'igible.
Potassium chloride was added to the various rations as follows: ration 13,
none; rations 3 and 7,9.95 gm. (per 885 gm. dry feed); ration 10, 4.43 gm.;
rrtions 3a and 7a 15.58 gm. ration 13 a, 19.2G gm.; all others 19.91 gm. Total
pota sium was 13.5Ggm./885 gm. dry feed.
nipple bucket at 7 :30 a.m. and 4 :30 p.m. by suspending one-half
of the daily amount in 1.4 liters of warm water. The calves were
fed the basal ration with no calcium and phosphorus additions
from 21 to 28 days of age. At this time, treatments as shown in
Table 2 were added to the rations. These calves weighed an aver-
age of 48.1 kg. at 4 weeks of age and 69.9 kg. at 9 weeks of age.
As calves became available, they were randomly assigned until
two replications had been completed. Replication one was con-
ducted in late winter and early spring and replication two in
summer. The animals were continued on the assigned treatment
for 5 weeks or until death. At the end of the 5-week experimental
period, a 26-hour metabolism period was conducted.
Table 2. Dietary combinations and additives to the basal ration and Co/P
ratio
Treatm.nt Ca/P
number Calcium Phosphorus Vitamin D, ratio
----,------- ------_. - -~- .-
(gram,) t (code) (grams) 1 (code) (IU)' (code)
2 5 2.0 -1 30 --1 1.10
2
2 10.0 2.0 ~I 30 -1 3.31
3 2.5 -1 8_0 1 30 ~1 .40
3a 2.5 -1 5.66 0.5 30 ~I .53
4 10.0 8.0 1 30 --1 1.2J
5 2.5 2.0 --1 3,000 .10
10.0 2.0 --1 3,000 .31
7 2.5 -I 8.0 3,000 40
I
70 2.5 5.66 0.5 3,000 .53
8 10.0 8.0 1 3,000
1. 20
9 5.0 0 4.0 0 300 0 1.16, 10 1.25 2 4.0 0 300 0 .4611 20.00 2 4.0 0 300 0 3.94
, 12 5.0 0 1.0 -2 300 0 2.60
I 13 5.0 0 16.0 2 300 0 36130 5.0 0 8.0 1 300 0 .6614 5.0 0 4_0 0 3 --2 1.16
!
15 5.0 0 4.0 0 30,000 2
1. 16
--_._-~---
1 Per day per 45.4 kg. of body weight in addition to the basal ration which
supplied 1.25 gm. of calcium and 1.40 gm. of phosphorus per 45.4 kg. of body
weight per day.
I ' Calculated from total dietary calcium and phosphorus.
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The levels of dietary variables of calcium and phosphorus were
doubled from one level to the next. Each successive level of vitamin
D:l was 10 times as much as the previous level (Table 2). The
equations for interpolation are given in footnote 3. These values
were selected in order to fit the data by use of a model containing
linear, quadratic, and interaction terms4•
Weekly weights and plasma samples were taken on all calves
during the 5-week experimental feeding period. Heparin was
used as the anticoagulant for blood. Following this period, they
were placed in metabolism stalls for urine and feces collections.
Twelve hours were allowed for adjusting to the stalls and then
they were orally dosed by placing 1.0 me. of Ca-45 and 0.5 me. of
P-32 in the morning feed. After dosing, samples of urine and feces
(if available) were taken at 1, 3, 6, 9, 14, and 26 hours. At the end
of this experimental period, the animals were sacrificed.
The following measurements were made: percent of gain in
weight for the 5-week period; the average plasma calcium and
phosphorus concentration for the 5-week period; the concentra-
tion of radio and total calcium and phosphorus in urine for the
26-hour period; the average fecal calcium and phosphorus concen-
tration for the 26-hour period; the percent ash, total calcium,
total phosphorus, and calcium-45 for femur; the percent of dose of
phosphorus-32 per gram in liver; kidney phosphorus-32 and cal-
cium-45; average urine volume; and sartorium muscle phosphorus-
32 content.
Calcium-45 and P-32, both beta emitters, were counted with an
endwindow Geiger-Muller tube. The Ca-45 was prepared for count-
ing by the oxalate procedure as described by Comar et al. (5).
Phosphorus-32 was determined by a wet counting procedure using
"The following equations may be used to ('onvert dietary values to code
values:
Dietary Calcium: Log (Dietary calcium) = 0.301 x + 0.699
Dietary Phosphorus: Log (Dietary phosphorus) = 0.301 x + 0.602
Dietary Vitamin D,,: Log (Dietary vitamin D,,) = x + 2.477
where the dietary levels are in gm. or IU per 100-pound calf per day ans.
X = the code value.
4 The model was as follows:
Y = bo + b,x, + b,x, + b"x" + bllx,' +
b"x,' + b""x,i' + b"x,x, + b",x,x" + b,,,x,x,,
where Y is the measured response, Xl, X" and x" the coded dietary variables
for calcium, phosphorus, and vitamin D", respectively, and the b's the regres-
sion coefficients.
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an aluminum absorber to shield out the beta particles of Ca-45.
Total calcium was determined by the complexometric titration as
described by Kamal (14). Total phosphorus was determined by
the colorimetric analysis of Fiske and Subbarow (10). Plasma
samples were wet ashed using a H2S04 and HCl04 mixture. All
other samples were dry ashed at 6500 C. The percent of ash in
bone was determined by taking a dried fat-free bone and ashing
at 6500 C. overnight. The fatty material was removed from fresh
bone samples by extracting in a Soxhlet for 20 hours with 95
percent ethanol and 20 hours with diethyl ether. The samples
were dried for 10 hours at 1000 C. before ashing. All data were
subjected to analysis of variance procedures as outlined by Gar-
diner et aI. (11)
RESULTS
THE RESULTS are presented in the following sequence: 1)performance of calves on diets are given; 2) the average
observed responses (average of two calves) for certain measure-
ments are presented in Table 3; 3) equations describing these
responses were derived from the observed data and the constants
and standard errors of constants for these equations along with
coefficients of variation are given in Table 4; 4) the treatment
responses are predicted by use of the derived response equations
and the values are compared to the observed values (Table 3) ;
and (5) three-dimensional figures which cover the entire experi-
mental range are drawn from the response equations and are
presented in six cases (Figures 1-6). The results from measure-
ments which were not significantly affected by one or more vari-
ables and which could not be described with the quadratic model
are not presented.
Calves performed satisfactorily on all treatments with the excep-
tion of treatments 3, 7, and 13. Animals on these rations displayed
anorexia within 1 or 2 weeks after the beginning of the treatment.
Death followed anorexia within 1 to 3 days. Post-mortem findings
mainly revealed hyperemia and hemorrhage of the abomasum. Sub-
mucosal hemorrhages were also noted in the rumen. Strong
fermented odor was associated with the contents in the fore-
stomachs. Treatments 3a, 7a, and 13a replaced treatments 3, 7,
and 13 in the three-dimensional design.
1 1
Table 3. Observed and predicted values for certain measurements
Treatment number
Response 2 30 4 5 6 70 8 9 10 11 12 130 14 15
Growth; % gain in 541 47 27 47 46 53 46 31 43 48 51 51. 51 37 43
5 weeks
452 51 37 43 52 47 44 40 46 46 50 53 41 37 40
Plasma Car avo mg. 9.7 10.5 9.8 9.5 9.4 10.9 9.6 10.1 10.1 10.1 10.8 10.3 9.6 9.9 10.5
% for 5 weeks
9.8 10.5 9.9 9.5 9.6 11.0 9.8 10.1 9.9 9.9 10.8 10.2 9.6 9.9 10.4
Plasma P; avo mg. 18 15 20 18 16 12 18 18 19 18 14 18 20 18 18
% for 5 weeks
19 15 20 18 17 13 19 19 18 18 13 17 20 18 17
Urine Car avo mg. % 25 31 17 20 14 67 19 15 15 14 54 24 14 18 13
for 26-hour period
15 35 23 16 15 58 7 18 24 19 55 28 12 17 19
Urine Ca-45; % 0.07 0.69 0.14 0.03 0.03 1. 35 0.21 0.04 0.08 0.03 1. 39 0.44 0.05 0.04 0.03
dose in 26-hour
period -0.08" 0.81 0.17 0.05 0.00 1.25 -0.04 0.12 0.25 0.20 1. 30 0.49 -0.01 0.00 0.15
f-l Urine P; avo mg. % 85 2 200 139 154 3 238 181 134 306 2 2 285 146 144
I\:) for 26-hour period
109 -5 233 170 153 -2 273 167 139 280 9 8 236 115 156
Urine P-32; % dose 6.0 0.2 16.3 11.8 7.2 0.4 18.0 13.9 9.3 18.7 0.1 0.1 21. 8 8.9 10.2
in 26-hour period
6 2 -0.1 17.9 12.7 6.8 0.1 19.4 14.1 9.8 17.7 0.3 0.5 19.2 8.1 10.2
Feces Car avo % in 1.9 8.6 2.3 8.3 2.5 7.0 1.8 6.1 4.2 1.9 11.5 4.0 6.8 2.9 3.4
dry feces for 26-
hour period 1.4 7.9 2.5 8.2 2.3 7.0 2.8 6.6 5.0 1.6 11.7 4.5 5.2 3.4
2.7
Feces Pi avo % in 1.3 2.6 1.3 4.9 1.3 1.2 1.2 3.1 1.9 1.1 3.2 1.3 3.4 1.0 2.1
dry feces for 26
hour peri~d 0.9 2.1 1.2 4.5 1.6 1.2 1.8 2.5 2.1 0.8 3.4 1.5 3.0 1.7
1.4
Femur Ash; 7S ash in 43 47 47 46 46 48 46 49 46 41 52 45 45 49 45
moisture and fat-
free bone 44 48 45 48 43 48 44 47 46 43 50 45 46 47 46
liver P-32; dose 3. I 4.3 3.0 2.6 2.9 5.6 2.5 3.7 3.3 2.6 3.4 3.0 2.3 3.3 3.5
x 10
3. 3 8 3.1 2.3 2.7 5.0 2.5 3.2 3.4 2.4 4.1 3.3 2.6 3.4 3.9- --_._-_.,-------_._----~_._---~-_..
, Observed value (average of two calves).
, Value predicted by the quadratic response equation.
" Negative values should be considered as zero.
~~ •..,; •....
PHOSPHORUS



















Figure 1. The percent gain in weight for the .S-week period.
The results from Table 4 indicate that coefficients of variation
on the responses described by regression equations varied from a
low of 4.80 to a high of 58.25. Dietary calcium and phosphorus
results in significant linear effects on most of the responses.
Dietary vitamin Da interacted with dietary calcium to influence
liver phosphorus-32 concentrations.
Response equations are of considerable importance in predicting
responses for any untried combinations of experimental variables
within the limits of the experimental design. If a statistically
non-significant deviation from regression of the model from the
experimental data exists, reliable predictions can be made (Table
3). Only those results which exhibited a non-significant deviation
from regression are presented. Dietary calcium, phosphorus, and
vitamin D3 levels for optimum growth were calculated, but since
these values were outside the experimental region, validity is





Table 4. Regression coefficients1, standard errors and coefficients of variation
Coeff.
Response bOI bl b2 b3 bl1 b22 b33 biz bl3 b23 variation
Growth; % go in in 5 weeks 46.012 1.10 -4.64 0.69 0.50 -(),61 --1.87 1. 00 -2,62 ---{).03
7.103 2,30 3.67 2.21 2,47 3.93 2,47 3.79 3.14 3,50 19.65
Plosma Ca; avo mg, 100 mi. 9,85 0.248 ---{). 19 0.11 0,12 --0.02 0,07 ---{). 30 0,17 0.03
'or 5 weeks 0,45 0.15 0.24 0.14 0,16 0,25 0,16 0,24 0.20 0.22 5.74
Plasma P; avo mg, 100 ml. for 17,73 '-1.42' 1. 684 --0,31 --0,55' 0,56 --0,05 0.44 0.15 0.52
5 weeks 1. 08 0.35 0.56 0.34 0.37 0,60 0.37 0,57 0.48 0,53 7.70
Urine Ca; avo mg, 100 ml. 23.10 9.03' -8,008 0.39 3,39 -2.69 -1.27 --6,60 5,62 --5.29
for 26-hour period 9,54 3.09 4,94 2.97 3.31 5,28 3,31 5.09 4,22 4,07 49.40
Urine Ca-45; % dose in 0.25 0,27' -0.21' 0,04 0,13 --0.05 ---{),04 ---{). 26 8 0.09 ---{). 1O
26-hour period 0,30 0,10 0,15 0.09 0,10 0.16 0.10 0.16 0.13 0.15 37.51
Urine P; av, mg % for 139.21 -67,64' 86.294 10.32 1. 31 10.39 -1,00 ---{),27 -10.28 -1,34
26-hour period 41.94 13.58 21.68 13.05 14,56 23.18 14.56 22.36 18.54 20.67 38,18
•...•Urine P-32; % dose in 26-hour 9,84 -4,34' 7,80' 0,51 -0,21 1. 57 --0.17 -1.10 -0.11 0.32
•••. period 3.06 0,99 1. 58 0,95 1. 06 1. 69 1. 06 1.63 1.35 1.51 37,85
Feces Ca; avo % in dry feces 4.96 2,52' 0,26 -0,17 0.42 0.02 -0.47 -0,27 -0,44 -0.18
for 26-hour period 1. 90 0,61 0.98 0,59 0.66 1. 05 0,66 1. 01 0.84 0.93 48.21
Feces P; av, % in dry feces 2.12 0.65' 0.718 ---{).08 0,00 0,20 ---{). 15 0.43 -0,40 -0,02
for 26-hour period 0.96 0.31 0.50 0,30 0,33 0,53 0.33 0.51 0,43 0.48 58.25
Femur oshj ~,~ ash in moisture 46.00 1,86' 0,21 -0,21 0,07 -0,24 0,19 -0,43 0,16 -0,29
and fot-free bone 1.79 0,58 0,92 0.56 0.62 0,99 0,62 0,95 0.79 ° 88 4,80
Liver P-32; % dose x lO-·\/gm. 3,38 0,42 ---{),51 ' 0.13 -0,03 -0,27 0,06 -0,33 0.40" -0.07
0,57 0,18 0,29 0.18 0,20 0.31 0.20 0.30 0,25 0,23 21.41
1See text footnote 4. bo = interpret; b" b2, b3 = linear effects of dietary Ca, P, and D3, respectively; b11, b22, b33 = quad-ratic effects of dietary Ca, P, and D3, respectively; b12 = the interaction of dietary Ca and P; b13 = the interaction of




5 P < 0.02
6 P < 0.05
• P < 0.10
8 P < 0.20
The dietary effects upon growth are presented in Figure 1. In-
creased dietary phosphorus decreased growth. The effects resulting
from calcium and vitamin D3 were non-significant. The depressing
effects of increased dietary phosphorus were greater at low calcium
and low vitamin D3 or high calcium and high vitamin D3 levels.
A 50 percent and greater increase in growth was observed over
about 25 percent of the experimental space. The response surface
representing 40 percent or more gain in weight included approxi-
mately 80 percent of the space.
The nutrient requirements of dairy calves have been given as
4.8 gm. Ca and 3.6 gm. P per day per 50 kg. of body weight (about
4.6 gm. Ca and 3.3 gm. P per day per 45.4 kg. of body weight)
(Nutrient Requirements of Dairy Cattle, Nat. Acad. Sci., Nat. Res.
Council Pub. 1349, 1966). By placing these dietary values into the
response equation, a growth response of 50 percent was calculated
which compares most favorably with the best observed growth





























































Figure 3. The total percent 0/ dose 0/ Ca-45 ill. urine for the 26-hour
period.
that there are a number of other combinations of calcium. phos-
phorus and total amounts of calcium and phosphorus which give
good growth results, and that these can easily be calculated over
wide dietary ranges using the response equation for growth.
Plasma calcium was affected only by dietary calcium (P < 0.20),
whereas both dietary calcium and phosphorus affected plasma phos-
phorus (P < 0.01) (Table 4). At low levels of vitamin Do and
high levels of phosphorus, increasing the dietary calcium caused a
decrease in plasma calcium, whereas at high vitamin D;; and low
phosphorus the opposite was observed. Dietary calcium resulted
in the greatest depressing effect upon total plasma phosphorus at
low dietary phosphorus levels. At high levels of dietary calcium,
dietary phosphorus resulted in a greater increasing effect than
was present at lower levels. The response surface representing 16
mg. percent or less plasma phosphorus included approximately 40
percent of the total experimental space.
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The dietary effects upon urine are presented in Figures 2, 3,
4, and 5. Dietary calcium and phosphorus significantly affected the
concentrations in urine. Increased amounts of calcium caused an
increase in urinary calcium (P < 0.02) and a decrease in urinary
phosphorus (P < 0.01), whereas increased amounts of phosphorus
resulted in a decrease in urinary calcium (P < 0.20) and an
increase in urinary phosphorus (P < 0.01). Dietary combinations
that resulted in high concentrations of urinary calcium (50 mg.
percent) had approximately 1.2 percent of the Ca-45 dose in 26
hours (Figures 2 and 3). Those dietary combinations that resulted
in high urinary phosphorus (240 mg. percent) were associated
with about 20 percent of the P-32 dose (Figures 4 and 5). The
dietary combinations which resulted in zero percent dose of P-32
in urine were associated with zero mg. percent total phosphorus,
whereas those combinations resulting in zero percent dose of Ca-45










































































Figure 5. The total percellt of dose of P-32 ill uri"" for Ihe 26-11OIlr
period.
Fecal calcium was affected significantly only by dietary calcium
(P < 0.01), and fecal phosphorus was affected by dietary calcium
(P < 0.10) and phosphorus (P < 0.20).
The dietary effects upon femur ash percent are given in Figure
6. Dietary calcium increased (P < 0.01) femur ash percent. The
effect of increased calcium was the greatest at low levels of phos-
phorus and high levels of vitamin D::.
The concentration of phosphorus-32 in liver was influenced by
dietary calcium (P < 0.01), dietary phosphorus (P < 0.05), and
the linear interaction between dietary calcium and vitamin D::
(P < 0.05). As dietary calcium was increased, phosphorus-32
concentration increased. As dietary phosphorus was increased,
phosphorus-32 concentration decreased. At low dietary calcium,
vitamin D:: exerts small effect, while at high levels of dietary





































Fignr<' 6. TIll' lwrcellt ash ill femur.
DISCUSSION
IN THIS EXPERIMENT the major effects were caused bydietary calcium and phosphorus with smaller vitamin D3 effects.
This was observed in a previous experiment of this type with rats
(4). In the rat study, sources of vitamin D other than dietary were
not removed and no attempt was made to deplete the animals of
body stores. In the present study, the calves were housed through-
out the experimental period and 3 weeks pre-experimental in a
dosed darkened barrI. Also, a 7-day period during which no vitamin
D was added to the ration was conducted before the experimental
feeding period. According to other work, measurements such as
plasma calcium and phosphorus and bone ash percent should have
responded to dietary vitamin D (6, 9, 20). The fact that the
animals did not significantly respond does not appear due to a
19
significant amount of vitamin D in the basal ration. No vitamin D
assay was conducted, but the possibility of a significant dietary
level is remote. The removal from the diet of calcium and phos-
phorus along with vitamin Da during the 7-day pre-experimental
period could have lowered the stress that was placed on the animals.
The lack of a significant response to dietary vitamin Da may be
an indication of large body stores of this vitamin.
Performance of calves on rations containing abnormally low
Ca:P ratios seems to have been related to the total intake of
calcium and phosphorus. From Table 2 it can be observed that
treatments 3, 3a, 7, 7a, 10, 13, and 13a have Ca:P ratios below one
(calves died on treatments 3, 7, and 13). By including the calcium
and phosphorus of the basal ration with that of the additive, cal-
culations concerning ratio and intake can be made. Calves on
treatments (3a and 7a) with a higher ratio (0.53) and lower salt
(Ca + P) intake (10.81 gm. per 45.4 kg. body weight per day)
grew normally, whereas calves died on treatments (3 and 7) with
a lower ratio (0.40) and higher salt (Ca + P) intake (13.15 gm.).
Treatment 13 resulted in a ratio of 0.36 and a salt (Ca + P) intake
of 23.65 gm. Calves performed normally when the ratio was raised
to 0.66 and the salt (Ca + P) intake lowered to 15.65 gm. (treat-
ment 13a). These results support the conclusions that calves in
this study were able to perform satisfactorily at high levels of
salt (Ca + P of approximately 15 gm.) only when the ratio was
0.50 or above, and they could tolerate abnormally low ratios only
at reduced salt (Ca + P) intakes (treatment 10).
Calcium-phosphorus ratios between 1:1 and 4:1 with total salt
(Ca + P) intakes between 7 and 27 gm. resulted in percentage
weight gains of between 31 and 54. (Treatments 1, 2, 4, 5, 6, 8, 9,
11, 12, 14, 15, Table 3.) Wise et al. (23) reported on the effect of
ratios of Ca:P from 0.4:1 to 14.3:1 on Hereford calves averaging
114 kg. and 3-4 months of age. They found that performance and
nutrient conversion were markedly decreased with Ca:P ratios
lower than 1:1. These results with Holstein calves 4 weeks of age
indicate that Ca:P ratios of less than 0.50 could be tolerated only
at reduced total intakes of calcium and phosphorus. The experi-
mental period was of 5 weeks' duration with controlled intake,
while that used by Wise et al. (23) was 14 weeks or more with ad
libitum intake.
It has been reported that high ratios of calcium to phosphorus
decrease growth rate and feed consumption with calves (8) and
pigs (3, 15). This was attributed to excess calcium because these
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high ratios were obtained by adding calcium to a constant phos-
phorus ration. Calcium has been postulated to interfere with the
digestion and/or absorption of nutrients and mineral elements
other than phosphorus (7). In the present study, dietary intake
was controlled and held at a constant feed intake based on body
weight. Any effects expressed would be the result of digestion
and/or absorption. It can be observed from the response equation
in Table 4 and from Figure 1 that calcium did not significantly
affect growth rate. The decreasing effect observed for dietary phos-
phorus could be due to abnormally low ratios as phosphorus in-
creases. The deviation from regression of this equation was almost
significant at the 0.05 level.
It has been demonstrated with sheep that the amounts of calcium
and phosphorus absorbed are significantly dependent on dietary
calcium and phosphorus, respectively (16). The response equations
in Table 4 show plasma calcium as being significantly affected only
by dietary calcium and plasma phosphorus as being affected by
dietary calcium and phosphorus. An explanation for the decreased
total phosphorus when calves were fed high calcium levels may be
through a competition between the cations (Ca++) on the mucosal
side of the gut with anions (P04=) on the serosal side.
Shelling (19) showed that excess calcium is excreted through the
kidneys until its concentration in urine reaches a maximum and the
remainder is excreted through the gut as the insoluble phosphate
salt. Excess phosphorus follows a path similar to calcium, first
through the kidneys, which are able to excrete phosphorus to a
limited concentration, and then the remainder through the bowel
as the calcium salt, thus removing calcium from the body. The
results with calves support the findings for effects of excessive
dietary calcium; however, dietary phosphorus was not found to
affect fecal calcium which agrees with other work (16). The
kidney of the calf was able to excrete large quantities of phos-
phorus (Figures 4 and 5) and urinary phosphorus and calcium
were found to be negatively correlated (r = -0.604).
It has been reported that cattle fed rations containing normal
amounts of calcium and phosphorus excrete 0.5 percent or less of a
Ca-45 dose by way of urine (13). From Figure 3, it can be ob-
served that about 75 percent of the experimental space covered
was associated with 0.6 percent or less urinary Ca-45 dose. As the
Ca:P ration becomes greater than one and the total salt intake
above 10 gm., urinary excretion of Ca-45 is 1 percent or larger.
21
When the urinary excretion of calcium and Ca-45 are compared
(Figures 2 and 3), it is found that certain dietary combinations
associated with 10 mg. percent calcium shows little or no Ca-45
excretion. The urinary calcium excreted from these dietary combi-
nations is from sources other than dietary. Therefore, 10 mg.
percent of calcium in urine may be an estimate of urinary meta-
bolic calcium.
The results from urine also agree with those reported by Ver-
meulen (21). Concentrations of calcium in the urine of rats were
reported to approach 10 mg. percent on high calcium diets. From
Figure 2, it can be observed that dietary combinations of high cal-
cium and medium to low phosphorus resulted in a 50 mg. percent
or greater concentration. A reciprocal relationship between urinary
calcium and phosphorus similar to the one described in rats (21)
existed in the calf. Urine volume did not vary significantly
(P > 0.05) and the concentrations expressed in Figures 2 and 4
are an indication of actual excretion. The urinary excretions of
calcium and phosphorus depended upon the plasma concentrations
of the two elements. Correlation coefficients were positive (P <
0.01) for plasma calcium to urinary calcium (r = +0.510) and
Ca-45 (r = +0.677) and plasma phosphorus to urinary phosphorus
(r = +0.617) and P-32 (r = 0.485).
The equation derived for femur ash percent in calves agrees
with the one derived for rats (4). A smaller coefficient of variation
is associated with the calf equation. This could be due to the
analytical procedure for bone ash determination. The calf bones
were analyzed on a fat-free basis while fat was not removed from
the rat bones. The responses for bone ash percent and fecal cal-
cium were similar in that they were significantly affected only by
dietary calcium and were positively correlated (P < 0.01).
In the study reported by Chandler and Cragle (4), only those
responses describing fecal and urinary measurements exhibited a
non-significant deviation from regression. The rats in the study
were fed ad libitum and no correction was made for differences in
dietary intake. Controlled dietary intake in the calf experiment
was one factor which made it possible to describe 17 out of 18 quan-
titative measurements with non-significant deviations from regres-
sion.
The use of radioisotopes in the final day of the experiment was
undertaken to investigate the kinetics of calcium and phosphorus
in the calves. Interpretation of the results have not revealed any
unsuspected function or movement. Although the period was for
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only 26 hours, a scan of the radioisotopes balance data revealed
a striking similarity of pattern to the concentration of total calcium
and phosphorus in urine. The radiocalcium and radio-phosphorus
data for urine are therefore presented in Figures 3 and 5 to show
the similarity to the responses shown in Figures 2 and 4, respec-
tively. Although the total phosphorus and total calcium responses
for urine are measured as concentration and the radioisotope data
are presented as percent of dose, we feel that the similarity of
response patterns indicates that they are repeatable by using in-
dependent measurements.
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II. THE RESPONSE SURFACE METHOD AS A
BIOLOGICAL RESEARCH TOOL
D. A. Gardiner, R. G. Cragle, and P. T. Chandler
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SUMMARY
THIS IS AN EXPOSITORY PAPER about the underlyingphilosophy of response surface methodology and the relation-
ship of this philosophy to animal experimentation. A case is made
for the preference of factorial experimentation over experiments
in which one variable is changed at a time, and particularly for
the preference of response surface designs which offer greater
efficiency and economy in the number of treatments required. Fre-
quent reference is made to Part I of this Bulletin in which is
reported a large-scale investigation of dietary effects on calves
which was conducted according to response surface methodology.
INTRODUCTION
IN PART I of this bulletin (7), the results of a rather extensiveexperiment designed to investigate the effects of dietary calcium,
phosphorus, and vitamin D;l on Holstein calves are reported. The
statistical methods employed in that study bear the name "Response
Surface Techniques." It is the purpose in this section (Part II) to
discuss response surface methods in a general context and to point
out that the response surface technique is a logical and efficient
method to use in conducting animal experiments.
FACTORIAL EXPERIMENTS
EXPERIMENTS CONDUCTED according to response surfacemethods are factorial experiments; that is, they employ as
treatments several combinations of levels of two or more factors
or variables. It is not surprising then that factorial experiments
and response surface experiments share many of the same advan-
tages. Probably the most important of these is the saving in money
and experimental effort which one obtains over those experiments
in which only one factor is varied at a time.
For example, if there were three experimental variables-X"
X~, and X;J-a common method of experimentation would be to
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1. Hold Xl and X2 constant while varying Xl' Then
2. Hold Xl and Xl constant while varying X2• Then
3. Hold X2 and Xl constant while varying Xl.
This is the one-factor-at-a-time method which can be demon-
strated to be inferior to the factorial experiment.
In a factorial experiment, Xl' X2, and X3 would be varied simul-
taneously. For example, suppose that each of XI' X2, and X3 were
to be given only two values, ---1 and +1. Then a factorial experi-
ment involving these factors could be outlined as follows:
Treatment Number XI X2 X:;
1 -1 -1 -1
2 1 -1 -1
3 -1 1 -1
4 1 1 -1
5 -1 -1 1
6 1 -1 1
7 -1 1 1
8 1 1 1
Each combination of Xl, X2 and X;\ is called a treatment. Of course
the schedule includes those treatments which would be used in a
one-factor-at-a-time experiment. That is, the one-factor-at-a-time









Thus it would appear that the factorial experiment would suffer
by comparison, since in this case it uses twice the number of treat-
ments. But this argument ignores the differences in precision
between the two methods. Assume that the variance of an observa-
tion made on a treatment is some quantity, ,,2. Then, since the
effect of the variable XI is measured by the difference between the
average from those treatments in which XI has the value +1 and
the average from those treatments in which XI has the value -1,
the variance of the effect of X I is ,,2/2 for the factorial method
and 4 ,,2/3 for the one-factor-at-a-time method. The ratio of these
two variances is 8:3; thus it would take eight repetitions of the
one factor-at-a-time experiment to accomplish what the factorial
experiment could do in three.
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Another advantage of the factorial experiment is that it enables
the experimenter to determine how two or more variables jointly
affect the phenomenon being studied. That is, the interactions
between Xl and X2, between Xl and Xa and so forth are measur-
able. Thus synergistic effects, for example, are detectable through
this type of experimental plan.
RESPONSE SURFACES
WHEN THE VARIABLES may be quantified by some meas-urement along a continuous scale, a subset of factorial
experiments may be defined. For example, the variables may be
the amount of calcium, the amount of phosphorus, and the amount
of vitamin Da fed to calves. Within reason, the experimenter may
choose any values of these factors that he wishes. He has a con-
tinuous scale of calcium, of phosphorus, and of vitamin Da from
which he may choose particular combinations to form his treat-
ments. If, in addition, the measurements he makes on the calves
are on a continuous scale, such as gain in weight or plasma calcium
concentration, a factorial experiment using these variables can
be analyzed as a response surface. In this regard the dependent
variable (gain in weight, for example) is considered to be a
response to the treatment (a specific combination of calcium,
phosphorus, and vitamin Da). To understand the use of the word
surface, it will be easier if we consider an experiment in which
the treatments are combinations of only two factors, Xl and X2•
Then we may consider a plane in which Xl is measured on an axis
perpendicular to that of Xz. Any point in the plane is a particular
combination of Xl and Xz, that is, a point represents a treatment.
Now imagine that we erect a scale, perpendicular to the plane
of Xl and Xz, on which we measure a response which we will call
Y. The response to any treatment may then be represented by a
height above the plane, and if we consider all the points in the
plane, the corresponding heights will describe a surface. (See
Figure 1.) Thus the responses to the treatments describe a 1'esponse
surface. Experiments which are conducted to investigate the form
of these surfaces are called response surface experiments, and the
techniques of experimentation are called response surface tech-
niques or response surface methods.
An experimenter need not restrict himself to only two factors.
He might experiment with k factors, Xl, Xz, ••• , Xk• In that
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Figure 1. HYPol1H'tical response sur/ace.
case the base plane would be a k-dimensional hyperplane "over"
which there is a hypersurface which describes the response. The
hyperplane is more frequently called a factor space of k dimensions
and the response is in the k + Ith dimension. Methods of graphing
are more difficult when k is greater than 2. With k = 3, however,
one may picture the response as contours or curved sheets of con-
stant response in the 3-dimensional factor space (as illustrations
see Figures 1-6 by Chandler et al. (7) ).
The one-factor-at-a-time method is not usually considered to be
a response surface method, although it could be. It is an inefficient
method, however, and one which could be very misleading. As an
example, let us again consider the 2-dimensional factor space and
refer to a hypothetical response surface as one might be graphed in
Figure 1. Suppose an experimenter fixed X2 at X2 = 1 and at
several values of Xl observed the response of Y. He then would
see a cross section of the solid as if a knife had sliced down through
the solid at X3 = 1. If he then held X3 at X3 = 4 and repeated
the process, he would observe the cross section at X3 = 4. With
only the two cross sections to study he would not have much of
an idea as to how the surface changes over X3, however. He would
need more cross sections at constant X3 and perhaps several at
constant Xl to adequately describe the surface. This method would
very likely lead to a prohibitive number of animals in an animal
experiment.
On the other hand, the experimental plans advanced by Plackett
and Burman (16), Box (1), Box and Wilson (4), Box and Hunter
(3), Gardiner et al. (13), Box and Behnken (2), Draper (11) and
(12) would allow an experimenter to investigate a response sur-
face with a number of animals within economic reason. As an
example, the one-factor-at-a-time method would require at least
three treatments for every cross section to investigate the surface
of Figure 1, whereas a design of Box and Hunter (3) would do
an adequate job with a total of only 7 or 8 treatments. This Box-
Hunter design is a special type of factorial experiment designed
to explore response surfaces. The use of the response surface design
and response surface technique has won wide acceptance in chemi-
cal and other industrial experimentation, but so far the method
has not been used much in animal experimentation. Exceptions
worthy of note are the experiments reported by Church and Peter-
sen (8), Moir and Harris (14), Mraz (15), Chandler and Cragle
(6), and Cragle et al. (9). Yet the conditions for a response surface
study are met more frequently than the literature would indicate.
MATHEMATICAL REPRESENTATION OF THE SURFACE
THE FITTING of response surfaces to experimental data ismerely a logical extension of the fitting of a curve. Curve
fitting is a mathematical process carried out in two dimensions.
The fitting of surfaces is a similar process in dimensions of three
or more. The experimenter presupposes that there exists some
mathematical function of the experimental variables which de-
scribes the response.
Let <P= <P (Xl, X2, ••• ,Xd be the function which relates a re-
sponse to the k experimental variables or factors, Xl, X2, ••• , Xk•
If the form of <p is known, it is written out explicitly and the
problem reduces to estimating the parameters in the function from
experimental data. The function might be a differential equation
describing the metabolism of nutrients in an animal. More often
than not, the form of the function has not yet been discovered and
it is, perhaps, the aim of the experimental program to shed some
light on the form the function might take.
If we may assume that <P is continuous and possesses continuous
derivatives, we may expand <P in a Taylor series; viz.
k k k\ \,; I,; 13• x. + 13. .x.x. +
l l lJ l J
130 + 13 •• n x.x.x" +lJx- l J )j •••
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In this form the f3's are derivatives of <I> with respect to the experi-
mental variables and they become the parameters of the function.
The infinite series is no easier to work with than the unknown
function, but by the same reasoning wherewith one sometimes
approximates a curve with a straight line one could truncate the
Taylor series and use a finite number of terms to approximate <1>.
The technique which has become known as the response surface
method follows exactly this line of reasoning. Today there exists a
fairly large library of experimental designs to enable an experi-
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the designs of Plackett and Burman (16) and of Box (1) may be
used. If the series is truncated after the terms
k k
t30 + )' t3.X. + )' t3 .. x. X.'~1 l l .<'--0' 1 lJ l J
l= l_J=
Box and Hunter (3) and Box and Behnken (2) have contributed
designs. Gardiner et al. (13) and Draper (11, 12) have presented
experimental designs to be used with the series
k k k
+ \' fJ. x. + \' f3.. X.X. + \' t3 .. ~X.X.Xe/ L Li=l l l lJ l J lJ;C l J 'i~j=l i:::j:::ib1
GUIDES TO PLANNING RESPONSE SURFACE EXPERIMENTS
A N OBSERVATION, Y, made on <1>, contains an element ofrandom error. This could be written
Y=<I) + E
in which E represents a random component with zero mean and
variance a~. If r represents one of the truncated forms of <1>, the
experimental observations could be expressed as
Y=r + ~
In this latter form .l is a term which contains the random error
E and also a component, <f>-r, which describes the inadequacy of r
to represent the function <1>. The quantity <I>-r is sometimes called
"lack of fit" of the model. In applying the response surface method,
the experimenter must plan very carefully so that <I)-r is negligible.
~l
In this planning two things should be taken into ~ccount:
a) The ranges of the experimental variables
b) The scales of measurement of the experimental variables and
the response.
The limits of the ranges of the experimental variables used in
the program must cover the region of the experimenter's interest,
of course. However, the choice of limits must guarantee that a
response is measurable. The authors erred in choosing the limits
of calcium, phosphorus, and vitamin D3 when planning the experi-
ment (7), since the treatments numbered 3, 7, and 13 resulted in
dead calves. In each case there was too much phosphorus for the
amounts of calcium fed to the animals. Additional calves had to
be treated with less phosphorus (treatments 3a, 7a, and 13a) with
a resultant loss in efficiency of the experimental design.
Also the ranges of the factors must be sufficiently small so that
the series, T, has a reasonable chance to describe the response. The
higher the order of the terms included in T (that is, the more terms
of the infinite series which are retained in the finite representa-
tion) , the more flexible will T be; that is, the easier will T bend to
the shape of the surface, <fl. On the other hand, the less the area of
the surface, <f>, it is desired to describe, the fewer the number of
terms that are needed in T. Since more experimental effort must
be expended to describe a function with high order terms than one
with low order terms, it is worth the experimenter's while to limit
the range of his variables to describe a smaller part of <f>. In the
experiment with the calves there was some success in doing this.
The function T was selected to be a second order function,
3





and the ranges of the three experimental variables were chosen
as shown in Table 2 by Chandler et al. (7). The second order T
adequately described 17 of 18 different responses observed on the
calves. However, 7 of the described responses were not significantly
affected by the dietary variables and so only 11 were reported.
As a rough guide in choosing the scales of measurements for
the experimental factors, one may choose a scale so that equal
increments in the factor would be expected to result in an equal
increment in the response. This allows a simpler T and a better
chance of describing <P. In the example the responses were expected
to be a function of the logarithms of factors. Thus, the levels of
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dietary calcium were 1.25, 2.5, 5, 10, and 20 gm. per day per 45.4
kg. weight of calf. The logarithms of 1.25, 2.5, 5, 10, and 20 are
equally spaced (0.097, 0.398, 0.699, 1.0, and 1.301). Had the in-
vestigators believed the responses to be an arithmetic function of
the factors, they might have chosen 0, 5, 10, 15, and 20 gm. per day
per 45.4 kg. weight as the levels for calcium.
With respect to the choice of scale, note also that the units were
in terms of the weight of the calves. Another unit might have been
grams per day without regard to the calf's weight, but the fallacy of
such a choice of unit is readily apparent. It is sufficient to say that
the choice of scale must be made carefully and sensibly.
Adequate control over experimental error is very important for
success in response surface investigations. Experimenters in the
biological sciences are very much aware of the need for such con-
trol and are frequently very envious of investigators in such fields
as chemistry, physics, and engineering where experimental errors
are usually much smaller than those experienced in biology. In
fact, response surface methods have been criticized by biology in-
vestigators as being inapplicable because of the size of biological
variation. We do not subscribe to such a line of reasoning, how-
ever. The fact that biological variation is so high is all the more
reason for adopting efficient methods of experimentation.
There are, broadly speaking, two means of exercising control
over experimental error. The first is to eliminate as many sources
of error other than chance variation as is possible. To do this, the
experimenter must use the utmost care in the treatment of his
experimental units, in the administration of his treatments, in the
collection of his samples, and in the measurements made on the
samples. For example, the animals must be protected from sources
of disease and infection and should be uniformly preconditioned.
If the animal is to receive 10 gm. of calcium, this should be as
close to 10 gm. as the weighing facilities will permit. The samples
must be collected on time in uncontaminated containers and the
analysis of samples must be made by as precise a procedure as is
possible.
The second method of controlling experimental error is by repli-
cation of the experimental treatments. Perhaps biological investi-
gators put too much reliance on this second method and not enough
on the first. Replication is important, too, but it is better to use
replication as a control over biological variation (about which the
experimenter can do very little) than to require it to control extra-
biological variation as well.
The investigator who recognizes his problem as one suitable for
response surface methodology can afford a greater amount of
replication of treatments because he will use fewer treatments.
That is, experimental designs for investigating response surfaces
usually require fewer treatments than other designs. Thus the
savings in treatments can be spent on replication.
EXPERIMENTAL DESIGNS FOR RESPONSE SURFACES
FOR THE REMAINDER of the paper we will discuss only thesituation in which T, the truncated Taylor series expansion of
1>, is a second order equation. That is, we will take T to be
k k
T = 130+ L l3i Xi + L l3ij Xi Xj
i=l iSj=l
where k, the number of factors or experimental variables, may be
any number.
In order to estimate the parameters in T, the design must include
at least as many treatments as there are parameters. The number
of parameters in the second order T will be (k + 1) (k + 2) /2.
Thus if k is equal to three, the number of parameters to be esti-
mated is equal to 10. Any number of treatments in excess of the
number of parameters is useful to assess the significance of <T' - T,
the inadequacy of T to describe the surface. At this time we will
not discuss the amount of replication of the treatments, because
this depends on the expected size of the experimental error.
It is very difficult to say just how many treatments are necessary
to perform a multi-factor experiment using the one-factor-at-a-
time method since it is a hit-or-miss procedure. But if we assume
that the response is essentially quadratic in the region of experi-
mentation, the number of treatments would probably not be less
than 3k, the number of treatments in a three-level factorial experi-
ment. We compare this with the number of parameters in the
















From the table above it is obvious that 31< is excessive (even one-
third fractional replicates of the 3k factorial are too large for the
higher k's).
On the other hand, response surface designs require considerably
fewer treatments than 3k• The central composite design, for ex-
ample, which was devised to investigate second order responses,
requires only 2" + 2k + 1 treatments. For k's from 2 to 5 this
amounts to





The economy in number of treatments is considerable.
",,,
"
Figure 2. Central composite design: k 3.
Figure 2 depicts the central composite design, geometrically, for I·
k equal to three. The three-dimensional space is the factor space
and the points located on the diagram represent the 15 treatments.
This design has analogues for all values of k. It was this experi- I
mental design which was used in the studies of Chandler et al. (7),
Chandler and Cragle (6), Church and Petersen (8), Mraz (15),
and Cragle et al. (9).
These and other designs are particularly useful for exploring
quadratic response surfaces, and for descriptions of these, the
reader is referred to Box and Hunter (3), Box and Behnken (2),
and De Baun (10).
ANALYSIS OF RESPONSE SURFACE EXPERIMENTS
THE EXPECTED METHOD of fitting an equation
k k
\' )'. t3. x. +
l l '-'
y = 130 +
13•. X. X. + 6.lJ l J
i=l i<k=l
is by the method of least squares. Estimates boobi, and bjj of {3o,{3;,
and (3ijare obtained from the experimental data, and this allows
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and thus estimate the response fOr any combination of factor levels
(Xl> X
2
, ••• , Xk) in the experimental region. If the design is
balanced, as most response surface designs are, the estimates bi
and bij (i =1= j) are all uncorrelated. The other estimates, b" and bii,
are correlated with one another, in general, but this is a conse-
quence of the form of T.
The total sum of squares for n treatments in l' replications may
be partitioned as in the analysis of variance. This is an excellent
way of summarizing the results of the experiment. For a second
order response study, the analysis of variance could take the form
as shown in Table 1. For a given variance, the sensitivity of the
experiment is indicated by the degrees of freedom available to
estimate experimental error. In our case there are (n - 1) (1' - 1)
degrees of freedom which depend on the number of treatments and




ments of one, but to maintain a balanced design, n may be changed
only in larger increments depending on k. This gives a decided
advantage to the design with the fewer treatments. For example,
suppose we take k equal to three and compare the central composite
design to the 3:; factorial. Three replications of the central com-
posite design, which amount to 45 experimental units, yield 28 d.f.
for the measurement of experimental error. Two replications of
the 3:;factorial experiment require 54 experimental units and leave
only 26 d.f. for experimental error. The difference, of course, shows
up in the degrees of freedom for replications and for <1> - T.
Table 1. Analysis of variance








(k + II (k + 2)/2
n - (k + II (k + 2)/2
(n - II (r - 1)
The sum of squares for estimating T may be further partitioned
to help in assessing the significance of the separate coefficients. This
is illustrated in Table 2. In Table 2, bii, ••• , bkk (after adjustment
for bo) are not separated because they are correlated with one
another. Their significance could be assessed jointly from the analy-
sis of variance or the coefficients could be tested individually by
comparing their magnitudes with their standard errors.

















Total for estimating T (k + II (k + 2)/2
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If the design is not balanced, there arises a loss of efficiency
because other correlations between coefficients result. Such was
the case with the experiment on calves reported in Part I of this
bulletin (7). Three of the treatments had to be changed from those
of the central composite design because the calves which received
those treatments died. An idea of the loss of efficiency may be
gained by comparing the variance of a predicted response Y, at a
specific combination of dietary calcium, phosphorus, and vitamin
DRfor the balanced design with the corresponding variance for the
design which was used. A convenient treatment to use in this com-
parison is the treatment consisting of 10 gm. of calcium, 8 gm. of
phosphorus, and 3000 LD. of vitamin DRper day per 45.4 kg. of
body weight. For this treatment, the variance of the estimated re-
sponse would be 0.316 (T2 for the balanced design and is 0.357 (T2 for
the design used. At the other side of the experimental region (that
is, 2.5 gm. of calcium, 2.0 of phosphorus, and 30 LD. of vitamin D;]
per 45.4 kg. of body weight), the variances are 0.316 (T2 and 0.347
(T2, respectively. For these treatments, the variances are about 10
percent higher than they would be if the design had been balanced.
An important part of the analysis of a response surface experi-
ment is an objective test of the adequacy of the model chosen to
estimate the function. We have been using <I' to represent the func-
tion, T to represent the model, and <I> - T to indicate the inadequacy
of T. The mean square for the row labeled <}> - T in Table 1 is a
measure of this inadequacy. Sometimes it is called "Lack of Fit" or
"Deviation from Regression." In any event, the larger this mean
square, the less adequate is T to represent <I>.
The objective test is to compare the mean square for <I> - T to the
mean square for experimental error. If the former is significantly
larger than the latter, the model does not fit and some other model
must be proposed. If the assumptions of normality, independence
of observations, and constant variance are met, the Snedecor F
distribution may be used to assess the significance of the <I' - T
mean square on a probability basis. This was the test used in the
study on calves and which rejected the second order model as inade-
quate only one time in 18 measured responses.
From this investigation with calves, a question arises concerning
the success of the use of response surfaces in unraveling complex
biological phenomena. Box and Youle (5) reported an example of
the line between the fitted surface and the basic mechanism of a
chemical system. From evidence presented by Chandler et al (7),
it has been demonstrated that biological phenomena such as growth
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and blood mineral concentrations can be successfully described by
fitted surfaces. Admittedly the growth phenomenon is not a simple
system, nor are any of the phenomena measured in this investiga-
tion. The explanations for these responses can only be stated in
gross nutritional and physiological terms at this time.
For example, the response of plasma phosphorus has an inverse
relationship to dietary calcium and a direct relationship to dietary
phosphorus. Some of the factors which are involved in these rela-
tionships are pH of the digestive tract contents, chemical complexes
of calcium and phosphorus and their solubilities, differing digestive
tract tissue function plus other subfactors-none of which can be
satisfactorily explained at this time on the basis of theory nearly as
well as the chemical system described by Box and Youle (5). We
believe that the data presented for the calf experiment do provide
a rather complete empirical description of dietary calcium, phos-
phorus, and vitamin D;; relationships, and that these data form the
base information for similar experiments with other species and
for experiments on subsystems.
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